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C3 ' Abstract 

We show that almost all string theories, including the bosonic string, the 
superstring and VF-string theories, possess a twisted N = 2 superconformal 
symmetry. This enables us to establish a connection between topological 
gravity and the field theoretical description of matter coupled to gravity. 
We also show how the BRST operators of the Wn-string can be obtained 
by hamiltonian reduction of SL{n\n — 1). The tachyonic and ground ring 
states of VF-strings are described in the light of the N = 2 superconformal 
structure, and the ground ring generators for the non-critical VFs-string 
are explicitly constructed. The relationship to G/G models and quantum 
integrable systems is also briefiy described. 
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1. Introduction 

During the past decade our understanding of string theory and two-dimensional 
quantum gravity has grown considerably. Much of the recent progress was stimulated 
by the success of matrix models [0. Still more recently, Witten has shown that 
topological field theories can be used to describe two-dimensional quantum gravity 
. In this approach the unperturbed correlation functions of the latter are identified 
with the intersection numbers of cycles on the moduli space of Riemann surfaces. 
The matrix model and the topological field theory approach are now known to be 
equivalent to each other [Q. 

One of the more important problems in two-dimensional string theory is to re- 
construct the results of topological gravity (or matrix models) directly from the con- 
tinuum, field theoretic approach in which matter fields are directly coupled to the 
Liouville field. In the topological formulation of two-dimensional quantum gravity 
coupled to matter , the relevant matter fields come from a twisted N = 2 supercon- 
formal minimal model . In this paper we establish a direct connection between the 
continuum formulation of matter models coupled to gravity and such twisted N = 2 
superconformal models. Several authors have observed (see, for example, that the 
BRST current and the anti-ghost field, b{z), generate an algebra that is reminiscent 
of, but apparently not identical to, the N = 2 superconformal algebra. It does not, 
however, seem to be broadly appreciated that the BRST current can be modified by 
total derivative terms so that the anti-ghost and the physical BRST current exactly 
generate a topologically twisted = 2 superconformal algebra. Indeed, there are 
several ways in which this modification can be done. This observation was first made 
in . The underlying N = 2 superconformal symmetry is quite generic, and is present 
in every string theory. 

Standard two-dimensional gravity is moderately well understood, and thus inter- 
est is now being focussed on other string theories for which the matrix model discrip- 
tion, or a clear topological description, is either deficient or completely lacking. This 
happens, for example, when the conformal matter system has central charge larger 
than one. In these circumstances the conformal matter system may have a larger 
symmetry, and it can often be coupled to some extended background geometry. In 
addition to well known generalizations to super-geometry, one can also try to define a 
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"VF-geometry" , in which conformal 1^-matter is coupled to VF-gravity. We wiU show 
that aU VF-gravity theories have a twisted N = 2 super- conformal symmetry. In 
fact, this phenomenon is quite general: Gauging the local 1^-symmetry automatically 
leads to the existence of an = 2 supersymmetry. Perhaps more importantly, one 
can reverse this perspective, and use a manifestly N = 2 superconformal hamiltonian 
reduction to obtain the the BRST structure for a general VF-gravity coupled to W- 
matter. In section 2 of this paper we will explicitly construct the (extended) N = 2 
superconformal generators for the non-critical VF-strings for which the BRST current 
is explicitly known. In section 3 we will show how the general BRST current for non- 
critical 'Wn-strings" can be obtained by hamiltonian reduction of the affine super-Lie 
algebra SL{n\n — 1). This approach makes manifest, and directly exploits, the N = 2 
superconformal structure. In addition, hamiltonian reduction establishes a direct re- 
lation between VF-gravities and topological field theories based upon Kazama-Suzuki 
models Q obtained from SU{n)k/U{n — 1). 

In section 4 of this paper we will describe the relationship between the spec- 
trum of the standard two-dimensional string and the N = 2 superconformal mini- 
mal models. Specifically, we show that the coupling between topological matter and 
topological gravity amounts to effectively undoing one of the N = 2 superconformal 
screening operations, thereby producing a field theory that is equivalent to standard 
two-dimensional gravity. We also discuss the generalization of this to VF-strings. One 
can then use some of the machinery of = 2 superconformal field theories to obtain 
a new perspective on VF-string theory, and most particularly upon ground rings 0. 
(The ground ring and extra states for the non-critical VFs-string will be discussed in 
Appendices A and B of this paper.) There is, however, one subtlety: the complete 
physical spectrum of the string theory generically forms a non-unitary representation 
of the N = 2 superconformal algebra. As a result, some of the standard theorems 
about chiral rings no longer apply. 

When the N = 2 superconformal structure of string theories is combined with 
the known relationship between N = 2 superconformal models and topological G/G 
models [jl^ we also see how the continuum field theoretic approach to two-dimensional 
quantum 1^-gravity is related to the approach based upon topological G/G models 
ri|-|T3|. In particular, we argue that the topological G/G models and the standard 



continuum description of VF-gravity simply yield string theories at different values 
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of the cosmological constant. We also show that a non-critical VF-string possesses 
an infinite number of conserved VF-charges, even in the presence of a cosmological 
constant perturbation. These issues will be discussed in section 4. 

There are also natural questions about further generalizations of this hidden 
superconformal structure. One obvious thing to consider is the BRST structure of 
two-dimensional, = 1 supergravity. We discuss this in the next section and show 
that there is in fact a A^ = 3 superconformal symmetry. We similarly expect that the 



N — 2 supergravity theories ||TJ] actually have an A^ = 4 superconformal structure. It 
would be very interesting to see whether this supersymmetric extension of symmetry 
algebras has some analogue in higher dimensional field theories. 



2. The N — 2 superconformal structure of M^-strings 

2.1. Notation and conventions 

We begin by introducing our notation and setting our conventions. The W- 
Liouville (or Toda) system will be realized by n — 1 free bosons, (pL,i, i = 1, 2, . . . , n — 1, 
with operator product: (j)L^i{z)(f)L,j{'w) = —dijlog{z — w). It is natural to think of 
them as generating a Cartan subalgebra of SL{n). The energy momentum tensor is 
given by 

n-l 

Tl = -\ Y^^dcPL^^y + (3o{p ■ d^L) , (2.1) 

i=l 

where p is the Weyl vector* of SL{n), Pq = ^^^^ , and t is a parameter. 

It is convenient to parametrize the central charge of the matter system as: 



= (n-l) 



l-n(n-t-l)^^ — ^1 . (2.2) 



t 



At this point we are not making any assumptions about the structure of the matter 
system. It can be an arbitrary conformal field theory with an additional Wn symmetry. 
At some points we will find it useful to realize the matter system in terms of free 



* The Weyl vector is defined to be half the sum of the positive roots. We normalize roots to 
have squared-length equal to two, and so for SL(2) we take p = 1/a/2- 
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bosons, (t)M,ii i = 1, 2, . . . n — 1, with 4>M,i{z)(l)M,j{w) = —Sijlog{z — w) and with 
energy momentum tensor: 



n-1 



Tm = -^J2^^<|)M,^)^ + iao{p-d%M) , (2.3) 

1=1 

where ao = ■ Note that VF„-minimal matter models, which we wiU denote by 
A^p"(j, correspond to t = q/p. To get these minimal models, one must also perform a 
Felder BRST reduction^ using the screening currents: 

^±(a,) =e-^'^±"-<^- , (2.4) 

where the a^'s are simple roots of SL{n) and a.^ = \ft^ «_ = —l/\/t [ |T5| . In the free 



field realization, the primary fields are represented by vertex operators 

= = e<:^»-^- , (2.5) 



with 



n-1 

M 



5^[a+(r,-l) + «_(.,-!)] A, , (2.6) 
i=i 

where A^, z = l,...,n — 1, are the fundamental weights. For minimal models A4^q, 
one can restrict the labels to the Kac table, that is, to ^ < p — 1 and ^ < g — 1, 
■Si > > 1. In addition, it will prove convenient to introduce vertex operators in 
the Liouville sector 

K^;.. = e<^^»-^- , (2.7) 

where 

n-1 

L 



a 



5 



5^[-a+(r,-l)+a_(.,-l)]A, . (2.8) 
i=i 

For the remainder of this section there will be no need to represent the matter system 
by 71 — 1 free bosons: it is only required that the matter system provide a PF-algebra 
and have central charge given by (2.2). 



I We will use the nomenclature "Felder BRST reduction" to distinguish such a reduction from 
the BRST reduction using the BRST charge of the underlying string theory. 
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The ghost system consists of ghosts, Cj, and anti- ghosts, bj, (j = 1, 2, . . . , n — 1) 
of spins —j and j + 1 respectively. The corresponding energy-momentum tensors are: 

T'ghi^) = -U + ^)bjdc, - j{db,)c, , (2.9) 

with central charge c^^^ = —2{6j'^ + 6j + l). With the foregoing choices, the total ghost 
central charge of — 2(n — l)(2n^ + 2?7,-|-l) is precisely offset by the central charge of the 
matter plus gravity systems: + c^'^ = 2n + 12(/3o -al)p'^ = 2{n - l)(2r2,^ + 2n + 1). 



The "W^-string" models |1T6|-[T9|] that we will consider are thus tensor products 



y^(n) ^ ^matter ^ ^Liouville ^ ^2.10) 

where {bj,Cj} denotes the Hilbert space of the j*^ ghost system. Since the BRST 
charges for these Wn,-string systems are only explicitly known for n = 2 and = 3, 
we now restrict to these cases, but we will reconsider general values of n in sections 3 
and 5. 



2.2. N=2 superconformal symmetry in two-dimensional gravity 

We start with non-critical VF2-strings, which are simply matter coupled to ordi- 
nary gravity. The matter system can be arbitrary, except that it must have conformal 
anomaly equal to c^^ = 13 — 6{t + 1/t). The BRST current is well known [ PU[ : 

Jbrst{z) = ci{z)[Tl{z) + Tm{z) + \Tl^{z)\ • (2.11) 

It has been noted by many authors that the BRST current Jbrst and the antighost 
field bi{z) generates an algebra that is very similar to A^ = 2 superconformal algebra. 
Unfortunately this algebra is not closed. The operator product of BRST current 
with itself is singular and generates a new field cdc. However one can modify the 
BRST current by a total derivative term in such a manner that the operator product 
is regular 0. Such a modification clearly does not affect the BRST charge. To be 
explicit, we introduce the U{1) current: 

^2 



J{z) = cibi + Jj d<PL , (2.12) 
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where (^l is the LiouviUe field. Then, defining an "improved" BRST current, 

G+{z) = Jbrst{z) - ^^d{cidct)L) + i(l-f)c>2ci, (2.13) 
the currents G^{z) and J{z), along with 

T{z) - Tl{z)-^Tm{z)+TI^{z) and G- {z) - hi{z) (2.14) 
close into a twisted N = 2 superconformal algebra : 

T[z)-T[w) ~ + 



l^z — w)^ {z — w) 



T(z)-G±(«;) ~ ; ,2 + , , , 



(2;-w)3 (z-ty)2 (z-w) ' (2.15) 



J{z)-J{w) ~ -^^ ^ ^ J(2)-G'±(m; 



2; — w)^ ' {z — w) ' 

[z — {z — wy [z — W) 

G^iz)-G^{w) ~ . 

The anomaly, which is proportional to the central charge of the corresponding un- 
twisted N = 2 superconformal theory, is: 



N=2 



2 



c 



3(1 - -) . (2.16) 



This relation implies that the string with = 1 has c^^^ = —3, while the ordi- 
nary bosonic string (with = 25) is mapped onto a superconformal theory with 
c^^^ = 9. An immediate observation is that if the matter model is taken to be 
■M^pli g=fc_|_2' then this central charge becomes c^^^ = jj^^, and corresponds to the 
N = 2 superconformal minimal models. We will discuss this point in more detail in 
section 4. 

One can also obtain a twisted N = 2 superconformal algebra by replacing t ^ 1/t 
throughout the foregoing discussion. Therefore the general matter-gravity system has 
at least two twisted N = 2 superconformal algebras. 
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It is interesting to note that the foregoing construction of the N = 2 supercon- 
formal operators did not require any specific form for the matter part of the theory. 
The only requirement on the combined matter and gravity systems is the existence 
the U{1) current that one uses to modify the BRST current. The matter system can 
be arbitrary and thus even the critical {D = 26) string theory possesses N = 2 twisted 
supersymmetry. If one can find a realization of the matter sector that employs at 
least one boson, ^m, then one can use this, instead of ^l, to modify the BRST cur- 
rent This choice is equivalent to simply performing the substitution t —t and 
interchanging (pL with (pM throughout this section. 

Having exposed this N = 2 superconformal structure, it is natural to recast general 
questions about gravity coupled to matter in terms of = 2 superconformal theory. 
We will defer this until section 4. 

The appearence of an extended superconformal structure appears to be quite 
general in systems of matter with extended symmetries, coupled to extended geome- 
tries. 



2. 3. N=3 superconformal structure of N=l supergravity 

In this section we will generalize the construction discussed above to superstrings. 
It was suggested by several authors that topological superstring theories may have 



= 3 twisted supersymmetry . We will see below that any superstring theory has 
an = 3 twisted supersymmetry. The only requirement that we will make is that the 
combined super- matter and supergravity system possess a [/(I) supercurrent that can 
be used to improve the BRST current. We parametrize the matter central charge as 

c = 5-2(t + l/t) , (2.17) 

and in this parametrization the superconformal minimal models correspond to rational 
t = q/p. 

The modified BRST current Jbrst (spin 1) and the diffeomorphism ghost b (spin 
2) together with = 1 supercurrent G (spin 3/2) constitute three super- generators 



* This possibility is utilized in a forthcoming paper by C.Vafa and S.Mukhi to relate the c*^ 
string to a superconformal SL{2)/U{1) coset model [ pT[ . 
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of N = 3 twisted superalgebra. As in the bosonic case, the stress-energy tensor T, 
modified BRST current Jbrsti the ghost h and the modified ghost current H make 
an A?" = 2 multiplet. The original N=l supersymmetry remains unbroken so that we 
can use N = l superformahsm 

J BRST = JBRST + J BRST , 

T = G + eT , 

(2.18) 

B^(3 + 6b , 

n = h + eH . 

The lower components of the superfield make another N = 2 multiplet. For later 
convenience we also introduce the super-ghost field C = c + The lower component 
of the BRST current Jbrsti modified U{1) charge and the super-diffeomorphism 
ghost (3 become the SL{2) currents of AT = 3 twisted algebra. 

In order to identify Jbrst with the supercurrent and Jbrst with one of the 
SL{2) currents, we will modify the super-BRST current by total derivative piece to 
ensure the operator products G'^ {z)G'^ (w) and K'^{z)K'^{w) are regular. Namely 

K++eG+ = Jbrst + ^Jbrst 
Jbrst = (T + \dCDB - ^dCB)C - ^D{CDCB) (2.19) 
AJbrst = DiCDCB) - j^DdC - -^D{Cd^) + ^D{DCD^) , 

where D = do + Odz and ^ = + 9i/j is the super-Liouville field. 

We are not going to describe these rather tedious calculations in detail, but we 
will just present the results. The three SL{2) currents are given as follows 

= 2i{jBRST - -^d^ - TTTi^^^ + l^^'^ + ' 

2 (2.20) 
K^ = cb-Pj+ —dcj) , K- = 2ip 

It is straightforward to check that these currents make an honest SL(2) current algebra 
at level —1/t. There are also three super-generators 

G+ = 2i{JBRST - j^d^c - ^d{cdcj>) + ^^(tV') + d{c(3^)) , 
G^ = 2{Gm+i + Gghost) 5 G = —2ib 
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and there is also an additional free fermion F = (3c — ^i/j. 

Undoing the twisting: T T — \dK^ and + dF, one obtains the 



= 3 superconformal algebra, described by Seiberg and Schwimmer . All fields 
become conformal primary fields. The supercurrents are almost in the adjoint 
representation of SL{2) 



K^G^ ~ ^ ffG'' - F—^ — - , (2.22) 



1 r^ab 

f^^G" — F 

{z — w) {z — w)'^ 



modulo the fact that there is a central term proportional to the free fermion. In the 
operator products between supercurrents one generates the stress-energy tensor and 
SL{2) currents 



[z — W)'^ [z — w) [z — W)"^ 



In the operator products between supercurrents and free fermion one generates the 
SL{2) currents 

G^F ~ -—^-—K" (2.24) 

[z — w) 

The remaining operator products are 

FF ~ and K^F ~ Reg (2.25) 

The resulting A^ = 3 algebra has a conformal anomaly equal to c^^^ = —3/t. As in 
section 2 of this paper, one can can replace i — > 1/t in the foregoing calculation and 
thereby obtain a theory with c^^^ = — St. In the derivation above we did not make 
any assumption about the structure of = 1 matter system. That means that even 
ten-dimensional critical superstring theory has A^ = 3 twisted supersymmetry. 

The discussion above implies that superconformal matter systems coupled to 
supergravity are closely related to topological = 3 twisted models. In order to 
construct these models explicitly one has to know the representation theory of = 3 
superconformal algebra. We postpone the discussion of the representation theory of 
A^ = 3 algebra to one of our future publications. 

It is a little puzzling to have an A^ = 3 algebra. We know quite well that for 
(T-models, A^ = 3 supersymmetry automatically implies A^ = 4 ||2^. In fact, in our 
case there are some reasons to believe that the A^ = 3 algebra discussed above can be 
promoted to A^ = 4. This question is also under investigation. 
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2.J^. N=2 superconformal structure of Ws- gravity 



A BRST charge for the W^s-string, W^^\ was found in p5| . |2^] . This charge is 
nilpotent if the total central charge vanishes {i.e., if + c^^ = —c^^ = 100), and it 
is given by Qbrst = §4hJBRST{z), where 

Jbrst = C2 [^W^L + t^Wm] + ci [n + Tm + + T%] 

+ [TL-TM]hlC2{^C2)+^i{^h^)c2{^''c2)+^Wc2{^%) , 



and where bj^ j^ = ^+22 ^ ^ Totp'^^ ^ 17&l^)- In this equation, Tl^m 

and Wl,m denote the usual stress tensors and VF-generators of the Liouville and 
matter sectors, and T^^ are the stress tensors of the ghosts. 

The BRST current, Jbrst ^ can be identified with the N = 2 supercurrent, , 
if one adds a total derivative piece to Jbrst so as to ensure that G^{z)G^{w) ~ 0. 
That is, for 

G+ = Jbrst + ^J (2.27) 



we find: 



ci J + 2za/|6iCiC2 J + i^^^y Thci{dc2 



^^b^i^c^)c2 - ^'''-fr''^ b^id%)c2+t^b2{dc2)c2 
^(a6i)ciC2 - '^'''-r-'\ db^){dc2)c2 + ^(aci) (2.28) 



+ ^^C2[2t J2 - 3{t - 5)Tl - 3{t - 1)Tm - 6(1 + t)dJ] 
+ i^-^^\f^idc2)J - i ^''"T'^ \f^id%) + tbiidc2)c2J 



Here, J in (2.28) denotes the U{1) current: 

J = cibi + C262 + ^(Ai ■ d(PL) + ^^{t - l)d[biC2] , (2.29) 

where Ai denotes the first fundamental weight of SU{3). In deriving (2.28) there is a 
choice of sign, and the other choice leads to the conjugate fundamental weight, A2, in 
(2.29). 
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It is straightforward, but rather tedious, to check that J, ,G~ = 61, and 
T = Tm + Tl + Tgf^ + Tgf^ generate a (topologicaUy twisted) N = 2 superconformal 
algebra (2.15), with anomaly 



N=2 



3 



c 



6(1 - -) . (2.30) 



It is analogous to the N = 2 superconformal algebra that we found for matter models 
coupled to ordinary gravity. However, since we are now coupling models with ex- 
tended symmmetry to VF-gravity, it is natural to expect an extension of the N = 2 
superconformal algebra. One may indeed check that the BRST multiplet of currents 



V2 = a 



2 + t) (3 - t)TM - it' +At- 2A)Tl +i^^{5t- 18)Ti6iC2 

- |(t - 12) J2 + i'^f^J'biC2 - - i'-^^^i^Jh{dc,) 

- ^- — -hiC2{dJ) + i 3 '-hi{dci) - l^- >-hi{d C2) 

+ i v^(5^*-i8) 5^ci + \{llt^ -m- 90)62(^02) + i(31t2 - 81t - 90)(a6i)ci 
+ it(^+im^M(^db^)b^ciC2 + i (1 + t) (3t - 5)(5t - 18){dh)h{dc2)c2 

- i^^^iht - 18)(23t2 - 6t - Ab){dbi){dc2) + ^(16^^ - 21t - 90)(a62)c2 

- i^(5t - 18)(5t2 - 9)(a%i)c2 + \{m^ - 72 - 2At){dJ) 
^3" = [(G'-)_i,y2] = a[-ft(3-2t)6iJ+§t(5t-18)6i62C2 



+ i'-^^{dh,)h,C2 -^'-^^b2 - |(3t^ - 9t - 2){dh] 
Ws = HQbrst.F^} 



[2.31] 



forms a Ws extension |2^,E8| of the (topologicaUy twisted) N = 2 superconformal 

l^JV=2 

algebra. The currents are correctly normalized, i.e., V2{z)V2{w) ~ (z-w)* + . . ., if one 
sets a = [(t-4)(t + 2)(2t-3)(5t-18)/3]-^/2. Note that this N = 2 super-1^3 algebra 
exists for generic* t. Note also that the matter system enters only via its W currents 
and therefore the foregoing statements apply to any matter system. 



★ At special values of t, the algebra may truncate. For instance, for t = 4, the V multiplet 
becomes null and the algebra truncates to the N = 2 superconformal algebra. 
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(3) 

For the special minimal 1^-matter models A^i g, t is integer and writing t = 
q = k + 3, the central charge in (2.30) becomes identical to the central charge of 
the N = 2 superconformal coset models, or Kazama-Suzuki models [§, based on 
cosets SU{2t)j~/U{2). This is natural in view of our conjecture that for general 
n, the models coupled to VF^-gravity should be closely related to (or even 

be equivalent to) topologically twisted N = 2 superconformal coset models based 
on SU(n)k/U(n — 1), coupled to topological VFri-gravity. It is indeed well-known 
[p9| , |27| , p8| , |30[| that the Kazama-Suzuki model based on SU {n)k/U {n — 1) has an A^ = 2 
super-VF^ algebra as its maximal chiral algebras, and has a central charge 

n + k ^ ^ 

One thus suspects that, in general, W^-matter models coupled to Wn,-gravity should 
exhibit an A^ = 2 superconformal Wn symmetry, with central charge (2.32). That is, 
besides the spin one supermultiplet, or BRST multiplet, (J, G"'", G", T), there should 
also be, for each spin s, a supermultiplet of of currents of the form 

V. = F;^, = [[G-U^V.] s = 2,...,n-l. (2.33) 

[w,+i =1{Qbrst,F-_^,}} 

The currents in this multiplet are composed of matter and Liouville VF-currents, the 
U{1) current and the ghosts. In the next section we will give an explicit construction of 
such "non-standard" N = 2 super- VF3 algebras and we will also establish the presence 
of A^ = 2 superconformal Wn symmetry in general. 

It appears that N = 2 superconformal extensions of VF-algebras carry some intrin- 
sic notion of VF-geometry. In particular, one can immediately infer the full structure 
of the descent equations of VF^-gravity. For example, for VF3 one can associate with 
each BRST invariant operator (^^^^ fields at adjacent ghost numbers in the following 
manner (the superscripts label relative ghost number): 

= (G'-)_i$(o) 

^2"'^ = (^3")-2$^°^ ~ [(62)-2 + ...]$^") 

$(-2) = (F3-)_2(G'-)_i$(o) ~ [(62)-2(^>i)-i + ...]$^°^ (2-34) 

$(-3) = (F3-)_i(F3-)_2(G-)_i$(°) ~ [(62)-l(62)-2(6l)-l + ...]$^°) 

. . . , etc. 
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From the explicit form [27,2S] of the N = 2 algebra it is then clear that these fields 
satisfy 

{Qbrst,^[~'^} = 

{QBRST,^i~^^} = 2{{Ws)-2+{V2)-2}^^''^ 

[QBflST,$^-'^] = 2{(Vr3)(_2) + (F2)-2}$J"'^ 

{QBflST,^^"'^} = {2(Vr3)-i + (y2)-l}$^"'^-(i^3")-l[2Bfi5T,$^"'^] 

. . . , etc. 



(2.35) 



Such descent equations generalize those of topological gravity 0,0, and will be im- 
portant for defining integrals over VF-moduli space [E5| in correlation functions. 



3. Hamiltonian reduction 

In the last section we presented several examples of twisted N = 2 superconformal 
algebras. Somewhat surprisingly, the free field realization of the N = 2 superconformal 



algebra was not of the standard form [32,29,27]. For example, for the minimal models 



we found a free field realization that contained two free bosons and two fermionic 
fields, but the latter had conformal dimension | and — |. In this section we show 
how different free field realizations of the N = 2 superconformal algebra, and its W- 
extensions, can be obtained by making different choices of the Borel subalgebra in a 
hamiltonian reduction of the superalgebra SL{n\n — 1). We present only the classical 
arguments, but from our analysis it is clear how one can generalize to the quantum 
case. From our discussion it will also be clear that two-dimensional matter coupled to 
VF-gravity is naturally embedded in a constrained Wess-Zumino-Witten model based 
on SL{n\n — 1). 

It is well known that the hamiltonian reduction of the super-algebra SL{n\n — 1) 
gives rise to the VF^-extension of the N = 2 superconformal algebra [|2^,0 . To carry 
out the reduction it is convenient to use the Gauss decomposition Af- © 7i © Af+ of 
the algebra. In this decomposition one imposes constraints on the currents in A/+, 
and the remaining degrees of freedom {Af- ) are gauged away. It is not surprising that 
different choices of Gauss decomposition can give rise to different representations of 
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the same chiral algebra. The free field realization of the chiral algebra can be deduced 
from the Wakimoto realization of the original current algebra. Each choice of Borel 
subalgebra will give rise to a different Wakimoto representation of the SL{n\n — 1) 
current algebra and hence to a different representation of the same extended N = 2 
superconformal algebra. Below we compare two different schemes of reducing the 
superalgebra SL{n\n — 1). There does not exist a simple way of going from one 
realization to the other one. The two different free field realizations are related to 
each other by some highly non-trivial Bogolubov transformation. 

To illustrate the basic idea of different reductions, we start by considering the 
simple example of 5'L(2|1). The super-algebra 5'L(2|1) can be realized in terms of 
3x3 matrices with the following assignments of statistics 



(3.1) 



B F B 

J — ai Ja2 
J-(ai+a2) j—ai / 

The nilpotent subalgebra JVj^ consists of the upper triangular matrices and is gener- 
ated by two fermionic currents ja^, Jq,^ 

The N = 2 superconformal algebra is obtained by constraining the 5'L(2|1) cur- 
rents in the Borel sub-algebra 

J«i = , i«2 = X and J^^+aj = 1 , (3.3) 



In order to make the constraints ( p.3| ) first class we have introduced a pair of conjugate 
fields x(^) and xH^) of conformal dimension i, with operator product: 

x{z)xHw) = ^— . (3.4) 
z — w 

We will not discuss in detail how the reduction works for this case, but we refer the 



reader to the original papers on hamiltonian reduction . The free field realization 
can be obtained from a generalized Miura transformation. Consider the operator 
L = dz — J{z), where J{z) is a constraint current. This operator naturally appears 
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in the context of constrained Wess-Zumino-Witten models. The constrained Wess- 
Zumino-Witten model is invariant under gauge transformations generated by lower 
triangular matrices. There are two natural choices for the gauge slice. First choose 
the current J in such a way that it is consistent with the constraints 




J{z) = I iV2dcl^2 I • (3.5) 



The second choice corresponds to writing J{z) in terms of the fields in the chiral 
algebra. If we perform a gauge transformation by lower triangular matrices we can 
reduce ( |3.5D to the following form 

(J 1\ 

J{z) = \ G- 2J . (3.6) 
\T-J2 G+ J I 

It is easy to see that fields J, G^ and T form an = 2 superconformal algebra. 
Simple calculations lead to the following well known bosonisation rules ||3^ for the 
N = 2 superconformal algebra: 

1 i 

J = -^x^x + -^^^2 



G- = ^xHd<p2-d<Pi)-dx^ 
G+ = -^xid<P2 + d<Pi) + dx 



(3.7) 



The screening currents can also be obtained from the hamiltonian reduction. In the 
free field realization of the superalgebra 5'L(2|1) we have a screening operator for 
every simple root generator of Borel sub-algebra. After one imposes the constraints, 
these screening currents turn into screening currents of the N = 2 superconformal 
algebra 

S^^ = Xe'"'-i^^+'^^) and Sc,^ = x^ e^'^-^'^^-'^^K (3.8) 

The representation of = 2 superconformal algebra encountered in the last 
section [i.e., that given in in (2.12)-(2.14)) is obtained by choosing a different Gauss 



- 15 - 



decomposition. As before we realize 5'L(2|1) in terms of 3 x 3 matrices but with the 
foUowing assigments of statistics: 



B 
B 
F 



( 



B 

■^—(01+02) 
3—ot\ 



B 



J — Q2 



(3.9) 



J 



Ol2 



J 



Here we have chosen our matrix in such away that a the first two rows and columns are 
bosonic. The Borel subalgebra is given by upper triangular matrices. These different 
choices of the Borel subalgebra are related to each other by a Weyl reflection with 
respect to a fermionic root. In this realization one of the simple roots is bosonic and 
the other one is fermionic. The nilpotent subalgebra A/^ is generated by Jq,^_|_q,2 
J— 0.2 

[•^01+02:^ — 02] ~ jcei ■ (3.10) 

General arguments imply that different reduction schemes with respect to A/+ gener- 
ated by Jq-^, joi2 and Jq,^_|_q,2 (see (W^)) and Af+ give rise to the same N = 2 supercon- 
formal theories |3^] . As before we impose constraints on the currents in the nilpotent 
subalgebra Af+ 

jai = , j-a2 = and Jai+a2 = 1 : (3-11) 

where is an auxiliary field with conformal dimension |. Surprisingly the field 
conjugate to A^^ does not appear in the constraints. To identify the conjugate field, 
consider how J^{z) transforms under a gauge transformation. As before the theory 
is gauge invariant under J^{z) J{z) = SdzS~^ — SJ{z)S~^, where S is lower 
triangular matrix. The field conjugate to A^ can be identified with one of the entries 
in matrix 5" 

/l 0\ 

(3.12) 

This is nothing other than an additional gauge fixing condition that naturally appears 
in the context of constrained Wess-Zumino-Witten models. As before, the bosonisa- 
tion rules are obtained by comparing two different gauge slices. From the constraints 
(|3.11D we have 








1 



7!< 



\ 







\ 

At 

iV2d(j)2 1 



(3.13) 
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By choosing an appropriate gauge transformation one can always reduce J{z) to the 
foUowing form 

( -J 1 \ 

J{z) = T- J2 -J G- \ . (3.14) 
\ G+ -2J ) 

One can easily convience oneself that fields J, G^ and T generate an = 2 supercon- 
formal algebra. The bosonisation rules read* 

G- = At 

1 A (3.15) 

G+ = -XX^^X--{{^<P^f + {^<^>2f) 

T{z) = -\{d<l^,f - \{d<l^2? - ^AtaA + ^AaAt - -^d^ct^, . 

These classical formulas can be easily generalized to the quantum case, hamiltonian 
reduction also allows us to construct the screening currents. Reducing the screening 
currents of 5'L(2|1) we obtain 

= e^^"--^^ and S-c,^ = 6-'°'-^'^^+''^'^ (3.16) 



Comparing with (2.12)-(2.14) we can immediately identify A with the diffeomor- 
phism ghost c and A^ with the anti-ghost b. In addition, (pi can be identified with 
the matter free field, (pM, and 4>2 can be identified with the Liouville field, (pL. Note 
that in order to make these identifications, one also has to twist the stress-energy 
tensor. In passing from the classical result to the quantum version, one finds that the 
improvement terms of (2.13) appear as quantum corrections to (|3.15| ). 



From the analysis above, it is clear how to generalize this construction to the 
superalgebra SL{n\n — 1). The standard representation of the super- VF„ algebra is 
obtained by choosing a Borel sub-algebra generated by the fermionic simple roots 
ai, . . . , a2n-2 of SL{n\n — 1). We can represent SL{n\n — 1) in terms of (2n — 1) x 
(2n — 1) matrices and assign the statistics to the entries in the chess order as in (|3.1|) , 



★ These bosonisation rules have also been obtained by Lev Rozansky [p5[ 
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with alternating bosonic and fermionic labels. It is known that if one imposes the 
following constraints: 



7 + 

J Ct\ 



J. 



ai+a2 



1 , 



j+ = 

T+ 



X2 + Xl 

= 1 



J. 



7 + 

+ 



(3.17) 



and sets the rest of the currents in the upper triangular subalgebra to zero, then the 



reduced theory has a super- algebra ||2^,^. The whole discussion is completely 
parallel to that for S'L(2|1), and we will not describe it here. 

The other representation of super-l^^ algebra utilizes a different Gauss decom- 
position of the superalgebra SL{n\n — 1). Again we realize SL{n\n — 1) in terms 
(2n — 1) X {2n — 1) matrices and but assign statistics in such a way that the first n 
rows and n columns are bosonic. The nilpotent subalgebra is generated by 2n — 3 
bosonic simple roots and one fermionic simple root. The constraints are quite com- 
plicated for the general case. First, we consider 5'L(3|2), whose constrained form 
is: 





B 


B 


B 


F 


F 


B 




1 








\ 


B 






1 








B 






★ 


Al 


At 


F 










l + AiA^ 


F 


u 











(3.18) 



We have introduced two sets of auxiliary fields (Ai, A|) with conformal dimension 
( — |, |) and (A2, A2) with conformal dimension ( — |, |). As before the field, A2, that 
is conjugate to A2 does not appear in the constraints. The field A2 has to identified with 
one of the parameters of the gauge transformation. To get the free field realization of 
super- we have to write the relation between different gauge slices. The first gauge 
slice is obtained by constraining all the currents from A/"- to zero (as in ( p.l3| )). The 
second gauge slice is given by: 



f-J 


1 













-J 


1 








w 


T 


-J 


F- 


G- 













1 


\f+ 


G+ 





S 





(3.19) 
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where W, T, S and F± denote the currents W, T, S and F± up to mixings with 
total derivatives and polynomials of currents of lower spin. Comparing the two gauge 
choices we immediately see that G~ = and F~ = A| + .... This will give rise to the 
classical version of the super- W3 algebra. This algebra, is precisely the N = 2 super- 
W3 algebra that was obtained in the last section. Since we have already presented 
the quantum version of this algebra we will not write down the classical version. 

The screening currents are obtained from the screening currents of the S'L(3|2) 
current algebra via hamiltonian reduction. Since the Borel sub-algebra is generated by 
three bosonic roots and one fermionic root we have the following screening operators: 

<5_(«,+a3+a,) = (A5 + ...)e-^"-('^^+^'^3) and 5«,+«3 = e^^"--^-. 

It is now clear how one can generalize this construction. The constraints are non- 
trivial for the currents in the lower-right n x n corner. These non-trivial constraints 
coincide with the free field realization of the nilpotent subalgebra of a SL{l\n — l) sub- 
matrix. The free field realization contains (n — l) pairs fermionic fields with conformal 
dimension (— n |), ...,(— As before the field with conformal dimension 

—n+ 1 does not appear in the constraints, but will appear as a parameter in the gauge 
transformation. Following our previous analysis it is not hard to see that the reduction 
gives rise to free field realization of super W„-algebra where the fermionic currents 
F~, (z = 1, 2, ...(n — 1)) are realized linearly in terms of free fermionic fields, modulo 
some quantum deformations. Unfortunately, the explicit form of the currents in the 
chiral algebra is complicated and not very illuminating. However, this construction 
of the super-VF algebra serves as a proof of the existence of BRST currents for any 
W„-matter system coupled to the corresponding VF-gravity. 



4. Chiral rings and physical states 

It is well-known that the physical states of the matter-gravity system are given by 
the non-trival co homology of the operator Qbrst- We have seen that the improved 
BRST current is precisely one of the supercharges, G~^{z), of a topologically twisted 
N — 2 superconformal algebra. Thus one expects that the computation of physical 
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states to be very similar to the computation of the chiral ring, TZ, in N = 2 supercon- 
formal theories. However, one should note that there are several different definitions 
of the chiral ring, which are only equivalent for unitary theories pH] : 



(i) The original definition, which was to require a field "0 G 7^ be both chiral 

~ 0) ^^'^ primary. 

(ii) The cohomology of the operator G^-^^^,^- 

(iii) The fields tp that obey = \qip, where and q^p are the untwisted conformal 
weight and U{1) charge. Equivalently, the conformal weight vanishes in the 
topologically twisted theory. 

We will adopt {ii) as our general definition of the "chiral ring" *. As will be seen 
below, chiral primaries may form only a subset of TZ. 

With this definition, all physical states of the non-critical VF-string system, in- 
cluding discrete states p7|-|39[1, are elements of TZ. We will however concentrate on 
the ground ring and the tachyons, as only these fields are present in all the ordinary 
gravity theories with < 1. 



4.1. Ordinary gravity coupled to e < 1 matter 



We start with the ground ring [Q], which consists of the physical operators with 
vanishing ghost number. This ring is generated by^ 



X = [be- -^(d^, - ^i^^i^ , V,%V,^, ^ e-VrM' + ^^^^ 

V It 

/ = [he - ^{dcp, + ^^M] Vl,V,^, , ^ e-M^"^ ' 



(4.1) 



★ The ring multiplication may not be as simple as in the unitary case. 

I For reasons that will soon become clear, we use the non-standard notation x and 7° for the 
ground ring generators. 
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One can represent the ring generators equivalently by replacing the matter vertex 
operators by their duals so that (essentially) the holomorphic and antiholomorphic 
combinations of the bosons are exchanged: 



1,2 -1,-2 ^^2) 

We will denote the corresponding dual representatives of the ring generators by x and 
7^, respectively. 

The generator x is a primary field with respect to the N = 2 superconformal 
algebra and has U{1) charge q'x = 7- The generator 7°, on the other hand, has charge 
q^o = 1 and is, in general, not primary with respect to the N = 2 superconformal 
algebra . Indeed we find: 

/ = -(J-i + iL_0 7 , 7 - e-7rS^' - , (4.3) 

where J{z) is given in (2.12). (It is amusing to note that for t = 1, which corresponds 
to = 1 matter coupled to gravity, 7*^ is, in fact, also primary.) This means that 
the ring of chiral primaries, which is given by powers of x, is a subset of TZ, since TZ 
also includes powers of 7*^. 

We saw in section 3 how the BRST operator that describes the coupling of 
matter to gravity can be constructed by hamiltonian reduction. The models obtained 
by hamiltonian reduction correspond to particular reduced N = 2 superconformal 
models whose free field spectrum is reduced by a Felder BRST complex. Thus, if 
we wish to make a connection between the matter-gravity models and these reduced 
N = 2 superconformal models, we certainly must take this Felder BRST reduction 
into account. In the reduced superconformal models, there are two bosonic screening 



operators of the form (|3.16| ) that are easily seen to correspond precisely to the screeners 
(2.4) of the matter model. More interesting is the additional fermionic screener (|3.16|) , 
which gives rise to the extra Felder BRST operator 



Q = j> i^A^)l{z) , (4.4) 
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with {Q, Qbrst} = 0. It is elementary to see that 

7°W= {Q,nz)} , (4.5) 
where T{z) is the (string) BRST invariant primary field 

r(;^) = -^^{dc){z) - :^icd<PL){z) . (4.6) 



2t ' 

The complete Felder BRST operator of the N = 2 superconformal model is the sum 
of Q and a pure matter screening operator. Since the operator F has no matter 
components it is annihilated by the matter screening operator. Therefore the obser- 
vation that is Q exact implies that it is exact with respect to the complete Felder 
BRST operator of the N = 2 superconformal theory. This means that the ground ring 
generator 7'^ is not a physical operator of the reduced N = 2 superconformal models. 

Naively one might also conclude that the ground ring generator, x, decouples 
from the N — 2 superconformal model. Indeed one also can represent x as Q exact 

x{z)= {Q,F{z)} , F(^)=ceW^'^^~''^^^)~;l?'^^ . (4.7) 

However, this does not mean that it is exact with respect to the complete Felder BRST 
operator. The matter part of the complete operator acts non-trivially upon F, and 
so the only conclusion one obtains from (4.7) is that x is equivalent to something else 
modulo Felder BRST . 

We thus see that one has two basic options for defining physical models: One 
can construct the reduced N = 2 superconformal models, in which one employs Q as 
an additional component of the Felder BRST operator, and where the only physical 
ground ring generator is x. Alternatively, one does not employ Q, in which case one 
obtains matter coupled to gravity with an additional ground ring generator 7°. 

The foregoing is parallel to the zero-momentum dilaton in the bosonic string. 
The dilaton takes the form {Qbrst ^ (cq — cq)} | ) , but one does not consider it as 
BRST exact since one makes the physically motivated requirement of equivariance 
with respect to {bo — bo)- That is, one only allows states in the Hilbert space that are 
killed by {bo — bo). In particular, (cq — cq) | ) is disallowed, which means that the 



dilaton is not the BRST variation of a physical state P0|,|31[ . 
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In the present context, the point is that the requirement of not using Q as an ad- 
ditional BRST operator is equivalent to the requirement of equivariance with respect 
to 60. Indeed, in both formulations one does not consider {Q, cqX} as an exact state. 
Note in particular that T{z) in (4.6) contains cq explicitly, which means that 7*^(^) 
is not BRST exact. Note also that if one imposes the condition that 60 annihilates 
all physical states, the physical states must have vanishing conformal weight, since 
-^0 = {QBRSTibo}. Thus if one makes the additional requirement of equivariance, 
definition (m) of the chiral ring implies that [in) is also satisfied. 

We now briefly turn to the tachyons, which are the physical operators with ghost 
number equal to one. States with non-zero ghost number fall into modules of the 
ground ring P,|4T[]. In particular, the tachyons can be written as ground ring elements 
acting on certain ghost number one vacuum states V. One must remember, however, 
that in free field formulations, particular representations of physical operators act 
only on particular spaces in a well-defined way. For the case at hand, this means that 
the ground ring generators can be taken to act as 

T,+,. ~ [xn^^yV (4.8) 

where "~" means equality up to appropriate screenings and up to BRST exact terms. 
( Equivalent ly, the dual representatives, 0:^(7*^)'^, can be taken to act on a dual vacuum 
state.) In (4.8), V is chosen so that all physical tachyons can be generated in this 
way. For minimal models A^p,g, this requires taking: 



which corresponds to the dressed matter operator with the lowest dimension. Note 
also that the Liouville momentum of V just saturates Seiberg's bound of allowed 
Liouville momenta, 



so that the ground state operators indeed serve as natural vacuum states in the ghost 
number one sector. 

For general t, it seems that the N = 2 superconformal structure does not provide 
much additional insight in the matter models coupled to gravity. However, for the 
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special matter models M.i,q, coupled to gravity, there exists a direct connection with 
the N = 2 minimal models. In section 2 we noted that for t = q = k + 2, k = 0,1,2 . . ., 
the anomaly of the twisted N = 2 algebra (2.15) becomes equal to the central charge 
of the unitary N = 2 minimal models, c^^^ = This means, for integer t > 2, 

the reduced models are identical to the topologically twisted N = 2 minimal models, 
and one can immediately infer various properties such as the structure of the chiral 
ring. (For general t = q/p, on the other hand, the level k becomes fractional, which 
corresponds to non-minimal, non-unitary N = 2 superconformal models. Not much 
can be said about such theories without further investigation.) Without performing 
any computation, we know that the chiral ring is characterized by the vanishing 
relation 

x''+^ = . (4.11) 

The operators x-', j = 0, . . . , — 2, are precisely the (dressed) primary fields of the 
minimal M.i,q=k+2 models. However, the spectrum of primary fields is not uniquely 
defined for A4i,q=k+2 models and there are reasons for including operators outside the 



Kac table [^ , |4^ . These operators naturally appear in two-dimensional gravity. In 
order to introduce such operators, one needs to consider the equivariant cohomology. 
Then 7*^ becomes a physical operator, and it appears that (4.11) remains true [H3 



Hence the chiral ring is extended to: 

n = { (x)^ (7°)" I < j < = t - 2, n > } . (4.12) 

This spectrum of physical operators is the same as that of topological minimal models 
coupled to topological gravity [|| , and it was indeed long suspected that these theories 
should be equivalent to the A^i,g models coupled to gravity. In this context, the 
powers of 7*^ should be interpreted as gravitational descendants, so that (4.12) might 
be called a gravitationally extended chiral ring of the matter model. 

Indeed, for t = 2 or /c = 0, the above model turns precisely into Distler's formu- 



lation of pure topological gravity [^, where 7 in (4.3) plays the role of a commuting 
ghost with spin —1. Moreover, the operators 7^^ = d'j + . . . and F of (4.5), (4.6) 
correspond to the operators denoted by 70 and cq in the formulation of topological 



gravity of ref. I^lj]. It is known that in topological gravity [pi ^ , |46[] , 7° is trivial in 



ordinary cohomology and hence the theory is empty. However, a non-trivial theory is 
obtained when one employs equivariant cohomology. 
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For the M-i^q models coupled to gravity, V can thus be interpreted as the puncture 
operator of topological gravity P,pTl 

-P = cy^i^J!"-! = c5(7) , (4.13) 
and the extra BRST operator Q = §lri can be interpreted as a supersymmetry charge 
,PT|]. Indeed, the (unperturbed) three-tachyon correlation function on the sphere 



can be written in the form 

( VViVx'') ) = 1 , (4.14) 

and this is precisely the same as the correlation function that one considers in topo- 
logical gravity coupled to level k topological minimal matter 0] . 

An important point is that for the M.i,q models, the puncture operator V has 
vanishing N = 2 U{1) charge, as well as vanishing conformal dimension. This means 
that from the N = 2 point of view, the puncture operator is on equal footing with the 
identity operator of the ground ring, 1. In other words, V and 1 are just different 
copies of the vacuum. It is well-known that in free field realizations, physical opera- 
tors typically appear in M different copies, where M is the order of the relevant Weyl 
group. Usually such different copies of the vacuum are given by simple vertex opera- 
tors, and this is also true in the non-standard realization of the N = 2 superconformal 
algebra that we use, where one copy of the vacuum just happens to be a tachyon with 
non-zero ghost number. 

The discussion above implies that tachyons {x)^{'y'^YV and ground ring elements 
{x)^{'y'^Y have the same properties with respect to the N = 2 superconformal algebra, 
and thus they should probably be interpreted as different realizations of the same 
chiral ring elements. In the A^i,g models coupled to gravity, the tachyons and the 
ground ring elements constitute all the physical operators* and therefore the ground 
ring describes the full set of physical operators. 

Another consequence of the realization of the N = 2 superconformal algebra in 
the matter-gravity system is that it suggests that there is a much simpler way to 
analyse the latter. That is, instead of using convoluted realizations of the N = 2 
superconformal algebra like (2.12)-(2.14), and complicated expressions like (4.1) to 
describe the ground ring, it might be better adopt the equivalent, standard realization 



(|3.7|) of the N = 2 superconformal minimal models, where, for example, chiral 
ring elements can be represented more simply by vertex operators of the form x^ = 



* The ghost number two extra states are dropped since they violate Seiberg's bound (4.10). 
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4-2. Ws-gravity coupled to c < 2 W^-matter 

We showed in sections 2 and 3 that the (improved) BRST current of W^, strings 
(2.27) is part of an extended N = 2 superconformal W^, algebra. This means that, as 
for ordinary strings, the physical operators of VF3 gravity coupled to matter constitute 
a chiral ring, TZ. 

In ordinary strings with c^^ < 1 there are, typically, infinitely many physical 
operators [p7| - p9| , at arbitrary ghost numbers. One certainly expects to find a similar 
structure of extra states for VFs-strings, though, as yet, there exists no rigorous, 
general proof for the existence of such states. What we will do, therefore, is to prove 
the existence of some of these states by constructing them explicitly^, guided by 
analogy to < 1 strings. However, in order to avoid disrupting the line of thought 
with technicalities, we will relegate the explicit construction to Appendices A and B, 
and use only the results here. 

We find that the analogues of tachyons and ground ring elements of ordinary 
gravity are physical operators 0^^\ Z = A,B,...,F^ with ghost numbers ranging 
from to to 3. (As in ordinary gravity, some of these states only exist at discrete 
values of the momenta.) In particular, the tachyons, which have ghost number three, 
are denoted by 0^^\ and the ground ring elements that have vanishing ghost number 
are denoted by 0^^\ The ground ring is generated by four elements, which can be 
represented as: 



Their explicit form is given in Appendix B. The generators have charges g^i = "i/t, 
q = i with respect to the N = 2, Uil) current (2.29). In analogy to ordinary gravity, 
one finds that xi, X2 are primary with respect to the N = 2 super- VF3 algebra, while 
7^^ and 72 are not primary (except when t = 1, which corresponds to c^^ = 2 matter 
coupled to VF3 gravity). 

f Extra states for a different class of strings have recently been obtained in pT] . 



xi = O 



1,1;2,1 ' 




(4.15) 



X2 = O 



1,1;1,2 ' 
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The associated reduced N = 2 superconformal models that were obtained via 
hamiltonian reduction in section 3, are defined by employing the full set of screen- 
ing operators. This set of screening operators (|3.20| ) consists of bosonic screeners, 
^ S^{ai), i = 1,2 and f Sf{a2), as well as of one fermionic screener: 

2 = - ^hid^M,2 - 2i^6l62C2 + ^-^l^^i) - |(a6i)6iC2] Vii.iiVi^ii. 

(4.16) 

All these screeners (anti-) commute with Qbrst- 

It is straightforward to check that, up to factors and exact terms: 

7? = {Q,ri}, 

where 

= y 2(l+t) \J^^^L^-l^^ '-d(j)L,2)[bl{dC2)c2-Ci\ 

+ t (1 + t + t^) (^^d(t)M,i + 2V2d(l)M,'^ [ci + hi{dc2)c2] 

,(t{t-9)r., 2 I 3t(2t3-9t^-l) o / rj, t(19t + 16t^-ll) O / 2 t(t-9) rj , 2 

+ y-^^d(j)L,l H \/3(l+t) ^ 4>L,lO(j)L,2-- 4 -0(t)L,2 -^^d(f)M,l 

+'-^^^^^dct>M,id4>M,2-i (7 + m + m') dct>M/-^{t + - 9){^^4>L,^) 

+ 3t) [t - 1) (3 + At) (C>2(/,M,2))C2 + (^(2^3 - - 

- ^ (1 + 3t) (3t - l)a(/>z.,2 - - 1)(1 + t + t')c></>M,i) {dc2) 

+ 18z(l - + 1 + t')y^[6i(a2c2)c2 + {dhi){dc2)c2\ 
+ 1(1 - 9t - 8^2) [(a6i)ciC2 + hici{dc2) + 362(902)02] 

(4.17) 

is a string-Si^S'T invariant operator. Once again this means that 7^^ is exact with 
respect to the complete N = 2 superconformal Felder BRST charge. While it is not 
so simple to explicitly demonstrate, it also turns out that 72 is similarly exact. The 
easiest way to see that it must be exact follows from the connection with the topo- 
logically twisted Kazama-Suzuki models that will be discussed below. Consequently, 
exactly as in ordinary gravity, the ring generators 7^^ are not physical operators in 
the reduced N = 2 superconformal models. However, by requiring equivariance, these 
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operators become physical and thus the N = 2 models describe Wa-matter coupled to 
VFa-gravity. 

We noted in section 2 that for the special Ws minimal models M-i g=/c+3 coupled 
to gravity, the anomaly of the topological twisted N = 2 superconformal algebra 
is equal to c^^^ = -^^^ This is the same as the central charge of the well-known 
N = 2 superconformal models of Kazama and Suzuki |]^, based on cosets SU (3)fc/t/(2), 
which happen to have the N = 2 superconformal Ws algebra as their chiral algebra. 
This implies that for integer t > 3, the reduced models are identical to the topological 
minimal W3 models, whose chiral rings are given by certain polynomials in xi and 
X2 and have been thoroughly studied and are well understood [^ , ^ . If one requires 
equivariance then the generators 'ji and 72 also become physical, and thus the full 
chiral ring of the M. \ ^^^+3 i^odel coupled to Ws gravity is 

7^ = {(xir(x2r(7?)"H72)"' |0<ji+j2 <k = t-3, ni,n2>0}. (4.18) 

One may suspect that such 'W-gravitationally extended" rings of the Kazama-Suzuki 
models describe the coupling of topological minimal models to some form of 
topological Ws gravity. However, the precise connection to the kind of topological 
VF-gravity that is discussed in is unclear, and in order to more firmly establish 
these statements, a deeper analysis is required. 

There are other physical operators with non-vanishing ghost numbers and these 
appear to fall into modules of the ground ring. (Note that for the A^i g models, the 
embedding diagram degenerates to a hexagon, and hence there is only a finite number 
of extra ghost sectors). Adopting a slightly different notation as in Appendix A, one 
thus would have, up to BRST exact pieces: 

0[^Xtr,,s,+tr, - {x,Y'{x2YKl'lY'{llY'V^^\ Z = A,B,...,F. (4.19) 

(If one uses a free field formulation, one must remember to perform appropriate screen- 
ings or choose appropriate representatives of the operators Xi and •yf in this equation.) 
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The operators V^^^ denotes a collection of puncture operators, which can be repre- 
1 * 



sented as 



P(^) = Ci(aC2)c2 ycfo;l,lC;-l,-l 

= [ciC2 + |/f(3-t)(aC2)c2]y^0;M-t^lAM-2 

p(c^) = [c,C2 + l^/|{t-3)i^C2)c2]V,%,_,^,V,%_,^, 



(4.20) 



One can check that these puncture operators have vanishing quantum numbers under 
the twisted N = 2 super- W3 algebra, so that they should represent equivalent copies of 
the vacuum. This then would imply, assuming that the ground ring acts faithfully on 
these vacuum sectors, that the operators 0^^\ Z = A, B, . . . , F, represent the same 
chiral ring elements. 

The (unperturbed) three-point function on the sphere can be written as 

(p(B)p(A)(p(A)(^(F)^_^^^^ ^ _ (4 21) 

and this is precisely what one would have for topological W3 gravity coupled to topo- 
logical Ws matter. In particular, all zero modes of the ghosts on the VFs-sphere are 
saturated. Above, o[^i.-f._2 i ~ (x2)*~'^ denotes the top element of the chiral ring of 
the topological matter model. 

From section 3 we know that the BRST current for 1^^-gravity coupled to W^- 
matter, for general n, is part of an A^ = 2 super- Wn, algebra. We therefore expect that 
the results of this sections will generalize to arbitray n. In particular, the "topological 
VFn-strings" with t = /c + n, /c = 0,l,2..., should correspond to the Kazama- Suzuki 
models based on SU{n)k/U{n — 1) coupled to (some form of) topological VFn-gravity 
as conjectured in The "chiral ring," IZ, will be generated by Xi and 7°, 



i = l,...,n — 1, where the Xi are the usual chiral primary fields with N = 2, U{1) 
charges q^;. = i/t and the 7'' have N = 2, U{1) charges g^o = i, but are non- primary 
in the N = 2 superconformal algebra. 



* We have not been able to construct the operators pt^) and 7"^^) since they do not seem to 
have a form that fits a simple ansatz. 
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4-3. The cosmological constant and G/G models 



Another approach to "topological VF„-strings" has been made by considering 
G/G coset models [1T2| , p!3[| . This approach is probably equivalent to ours, and a direct 
connection can be made as follows. It was observed in |[50| , pT| , p!0[| that topological G/G 
models (without coupling to topological gravity) are closely related to the topolog- 
ically twisted Kazama-Suzuki models based on G/H. In particular, if one makes a 
very specific, supersymmetry preserving perturbation of the twisted Kazama-Suzuki 
model one obtains precisely the topological G/G models [0. This perturbing oper- 
ator is of the form i(; = GZi/2^-1/2^^ where ^{z) is a specific chiral primary field of 
dimension h = 2{k+g) ■ -'■^ formulation of the N = 2 superconformal models, where 
G/H = SU{n)/U{n — 1), the operator i/j can be represented by 

= SZiai) ^ e7?"i-^^ . (4.22) 

This operator describes precisely the cosmological constant perturbation, if one inter- 
prets the Kazama-Suzuki models as theories of VK-matter coupled to VF-gravity. It 
has a structure very similar to the other operators 5'^(cti), i = 2, . . . , n — 1, which 
have vanishing N = 2 superconformal quantum numbers (in contrast to , and which 
appear as screening operators in the reduced N = 2 superconformal models. 

From the perspective of the N = 2 superconformal models, -0 is a relevant, su- 
persymmetry preserving operator, but has non-vanishing N = 2, U{1) charge. As a 
result, we expect the G/G models to exhibit merely N = 2 supersymmetry, and not 
N = 2 superconformal invariance. Moreover, because of the close relationship of ij) to 
the screening currents, there will in fact be an = 2 supersymmetric (but not super- 
conformal) VF-algebra at generic values of the cosmological constant. This is precisely 
because the perturbation by '0 of the Kazama-Suzuki models leads to quantum inte- 
grable N = 2 Toda theories with conserved currents associated with supersymmetric 



VF-algebras [p2| , pl]|| . Indeed, when the model is coupled to VF-gravity, the proof that 
the the top components of the N = 2 super- multiplets (2.33) provide "off-critical" 
conserved VF-charges is exactly the same as it is for the perturbed Kazama-Suziiki 
models. 

Putting it slightly differently, if one introduces a cosmological constant perturba- 
tion to the VF-string, then the perturbation breaks N = 2 superconformal invariance 
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down to a massive N = 2 supersymmetry algebra. As a result, the string BRST charge 
receives a very simple, "off-critical" perturbative correction, exactly as in . This 

superalgebra will have a 1^-extension arising from the infinite number of conserved 
quantities of the underlying quantum-integrable model. 



5. Final comments and speculations 

From the results of sections 2 - 4, it is evident that the occurence of = 2 
superconformal symmetry is rather general in matter models coupled to gravity and 
in VF-extensions thereof. The utility of this observation will depend greatly upon 
the model under consideration. In particular, the quality of what one learns depends 
upon whether the underlying N = 2 super- W model is minimal or not. For the 
26-dimensional bosonic string, the N = 2 structure will probably not improve our 
understanding significantly, howevever, for the minimal models Aii^q coupled to Wn- 
gravity with q = k + n, the N = 2 structure provides valuable new insight. 

The connection between topological VF-strings and Kazama- Suzuki models raises 
a number of new questions. For example, the Kazama-Suzuki models possess § 
duality symmetries that imply that models based upon the coset 

SU{m + n)k ^^^-^ 



SU{m)k+n X SU{n)k+m x U{1] 



yield the same N = 2 superconformal model under all permutations of m, n and k. 
If this duality is also a symmetry for the corresponding VF-string, it would, amongst 
other things, imply the equivalence of topological VFn+i -strings based on g^(^^)"xt/(i) 
with ordinary topological strings based on "^[^^^j" . In addition such a duality symme- 
try suggests that one can generalize the reduction procedure of section 3 to Kazama- 
Suzuki models, G/H, that are more general than those based on CP^. In this context 
it is interesting to note that for a given group G, the structure of the twisted N = 2 su- 
perconformal theory is essentially determined by the choice the N = 2, U{1) current*. 
In our formulation this is refiected []50| , [5T[] in the various possible choices for the fun- 



damental weight, Ai, of G in (the appropriate generalization of) the U{1) current 
(2.29). 



* This is only strictly true for models based on hermitian, symmetric spaces. 
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Over the past year it has also become apparent that if one formulates topolog- 
ical matter models in an appropriate manner, one can also obtain the coupling to 



topological gravity. For example, topological G/G models [|lT| , p!2| , |T0| have a finite 
number of topological "matter" fields. However, if the G/G models are formulated 
using the entire gauge, ghost and associated BRST structure [0, it appears that one 



can extract the VF-gravity descendants. It has also been proposed that one can obtain 
topological minimal matter coupled to gravity from the Landau- Ginzburg potentials 
W{x) = x^^^ of the topological minimal models, by careful regularization and proper 
treatment of contact terms 

Our results can also be interpreted in the same spirit: We find that the free field 
realization of twisted N = 2 superconformal minimal models contains the ingredients 
needed to describe the coupling to topological gravity. That is, the choice of whether or 
not to use the extra component, Q, of A^ = 2 Felder BRST operators (or, equivalently, 
whether or not to impose that the requirement that cohomology be equivariant) , 
corresponds precisely to describing the topological minimal matter theories either 
with or without the coupling to topological gravity. We have also seen that this 
generalizes to topological VF-strings. We find that each Landau- Ginzburg variable, Xi, 
is paired with another non-primary, chiral ring element, 7^^. Each such 'yf is supposed 
to correspond to a VF-gravitational dressing of the topological matter. Based on the 
proposals in |j5^ it is tempting to suggest that these ■y'^'s could be obtained directly 
from the Landau-Ginzburg potentials [^ , ^ , ^ of the Kazama-Suzuki models through 



some form of contact terms induced by integration over 'W-moduli" . 

The foregoing pairing of the matter fields, Xi, and the VF-gravity dressing opera- 
tors, 7^°, is not unexpected from the general structure of Kazama-Suzuki models. It is 
known that in the CP^ models there is a duality between the chiral ring, TZ, and the 
chiral algebra, A [Q. Specifically, there is a one-to-one correspondence between the 



generators, Xi, of 71 and the N = 2 supermultiplets, Vs (2.33), of VF-generators in A. 
In a theory of topological VF-gravity |^ , one expects a 7-ghost for each generator of 
the chiral algebra, and therefore one sees that each Xi will be paired with a 7^^. 

Finally, we note that the presence of an = 2 superconformal algebra automat- 
ically implies the existence of an infinite number of higher spin bosonic operators in 
the chiral algebra. That is, in addition to any independent super-VF generators, there 
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are composite operators made from G~^{z), G (2), J{z) and T{z). It was shown in 
56| that any N = 2 superconformal theory with c^^^ > 3 can be thought of as a coset 



su{l^)^so{2) 

in which the supercharges are represented by G^{z) = iJj^{z)e^'^°'^^-^\ where the 
tp^{z) are parafermions of SU{1, and X{z) is defined by J{z) = i\f\ dX{z). 



The chiral algebra of SU{1, 1)/U{1) can be formed from parafermion bihnears and 
form an infinite VF-algebra |^^. For minimal models with c^^^ = 3/c/(/c + 2) there 
is a finite VF^-algebra made from composites of G~^{z), G~{z), J{z) and T{z). It is 
therefore tempting to suggest that the previously known extended 1^-symmetries of 
topological matter coupled to topological gravity should be related to the foregoing 
composite super 1^-generators. One should however note that the coset formulation 
(5.2) is not exactly that of the black-hole metric ||5^ since the SU{1,1) structure 



of the black-hole involves only Liouville and matter fields, and is orthogonal to the 
ghost Hilbert space. The U{1) factors in (5.2) involve mixings with the ghost sector. 
However it seems likely that the extended 1^-symmetries of the black-hole metric 
should have some nice formulation in terms of the enveloping algebra of the N = 2 
superconformal algebra. 
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Appendix A. Extra states for non-critical strings 



In section 4 we generalized some of our observations to VFs-gravity coupled to 
matter. As a comprehensive study of the physical operators in this kind of theories 
has not, as yet, appeared in the literature, we will present below some remarks on the 
construction of such operators, as well as some explicit results. 

In ordinary strings with < 1 and for a given matter primary field $r,s, the 
spectrum of extra states is determined by the structure of the embedding diagram of 
null states over ^r,s [|37|j3^ : each dot of this diagram denotes a null state in the matter 



theory, and typically gives rise to a physical state in the matter plus gravity system. 
The ghost number is given by the number of steps it takes to reach the given dot from 
the top of the diagram. (The top of the diagram corresponds to the primary field ^r,s 
itself, and leads to the standard tachyon in the matter plus gravity system.) One thus 
obtains, generically, infinitely many ghost sectors. In some cases (for example, for the 
fields in minimal matter models the Felder resolution becomes finite [^| and 



the relevant part of the diagram consists of just two points, which can be associated 
with the standard tachyon and a ground ring element. These two kinds of operators 
are the most generic ones in that they exist for all completely degenerate $r,s of the 
models Aip,q (including the — 1 model where p = q)- 

It is the analogue of this finite subset of extra states (with zero or negative 
relative* ghost numbers) in which we are presently interested. Specifically, we will 
associate such extra states with the "generic" null states in minimal models, M.p,q- 
The relevant part of the embedding diagram looks like a hexagon whose corners are 
associated to the elements of the Weyl group W of SU (3) (typically, the hexagon 
is part of an infinitely extended diagram, whose dots correspond to the affine Weyl 
group). For later reference, we will labels these corners by A, S, . . . , F, and denote a 
generic such label by Z: 



* With "relative ghost numbers" we mean ghost numbers relative to the ghost number of the 
tachyon. We understand that there certainly should exist closely related states at positive 
relative ghost numbers, but we will not consider these here. 
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A 

/ \ 
B C 

i X i (A.l) 

D E 

\ / 
F 

The arrows correspond to embeddings of Verma modules. Label A corresponds 
to some primary field $ri,r2;si,s2 standard notation), and labels B — F correspond 
to null states over this primary. The levels £{Z) of these states are given by: 



sector 


element 


level 


Z 


w(z) e w 




A 


1 





B 


Wi 


risi 


C 


W2 


r2S2 


D 


W2W\ 


riSi + r2Si +r2S2 


E 


W\W2 


riSi + riS2+r2S2 


F 


W2W1W2 


in +r2){si + S2) 



This association with Weyl group elements can be made explicit by employing a 
free field formulation of the W3 minimal models, as described in section 2. Label A 
will then be associated with the standard Fock space, y-^ri,r2;si,s2, with '^ri < p — I 
and Y^Si < q — 1. The Weyl group can be taken to act on the vertex operators (2.5) 
as: 

weW: a^,,^ ^ = a+ ^(r, - 1)A, + a-w{Y,{sj - 1)A,) . (A.2) 

j 

The null states are then given by applying screening operators to the transformed 
vertex operators, which map back into null states in the standard Fock space. It 
is easy to check that under (A.2), the dimension of vertex operators (2.5) changes 
precisely by £{w{Z)), as given in the above table. 
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In analogy to usual gravity coupled to matter, we expect in VF-gravity coupled 
to matter extra BRST states to arise for each dot of the hexagon, with ghost number 
g given by the number of steps from the top of the the diagram to the given dot, that 
is, by the length of the Weyl group element. The top of the diagram, sector A, should 
describe the standard tachyons. These operators have the form 

^rl,r-2:sl,s2 = Cl(9c2)c2 K-i,r2;-sl,-s2K-^r2;sl,s2 : (^-3) 



and were shown in to be indeed non-trivial elements of the BRST cohomology. 
They have ghost number equal to (7 = 3, and it is clear from the hexagon that the 
extra states that we are seeking have ghost numbers g = 2, 1,0. In particular, the 
bottom of the diagram will correspond to ground ring elements with vanishing ghost 
number. 

There is actually an ambiguity in writing the tachyonic (and other) operators, 
as the Lq and Wq eigenvalues of V^^ and are invariant under certain Weyl trans- 
formations. The Weyl group action in question, denoted by E, is different from the 
Weyl group action W, defined above. For E we define: 

That is, a physical operator can typically be represented by six different vertex oper- 
ators. In the matter sector, these six copies are equivalent, and we can always choose 
the standard labels, X] < P — 1 and — 9 ~ — ■^i ^ to represent a 

matter primary by a vertex operator. 

The six copies in the Liouville sector, on the other hand, are not on equal footing. 
This is similar to ordinary gravity where the Weyl group is It is indeed well-known 



S2| that in usual gravity there are two possible Liouville dressings for a given matter 

L I L I 

primary $r.s; one is given by e ^--^^^ and the other one by e -r-.sVL _ These dressings 
are, however, not equivalent: the second of the dressings violates Seiberg's condition 
(4.10), which requires that the Liouville momenta must satisfy: < -^Po- That 
means that this latter dressing should be discarded. This is extra physical input. 



coming from the destabilizion of Riemann surfaces by macroscopic loops |^2| . From 
representation theory alone, there is nothing wrong with states with the "wrong" 
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dressing. They are related to the dual resolution in the Felder complex, and give rise 
to extra states with zero and positive relative ghost number. Moreover, the matching 
of scaling dimensions of operators in matter plus gravity theories with those of matrix 
models also requires restriction to operators that satisfy Seiberg's condition (4.10) 
Furthermore, we introduced in section 2 certain N = 2, U{1) currents that 



involve the Liouville field explicitly. The U{1) charge of Liouville vertex operators 
will thus in general depend on transformations, and this means that the Liouville 
dressings cannot be equivalent. 

Unfortunately, we do not rigorously know what the analogue of Seiberg's bound 
is for W^-gravity. But we note that = (3op is the fixed point of the Weyl trans- 
formations (A. 4) and it is this what should correspond to Seiberg's bound (4.10). 
We will therefore assume that the Liouville momentum must lie within (and not 
on) the boundary of a particular Weyl chamber shifted by PoP- This Weyl cham- 
ber corresponds precisely to the choice that we made in the representation (A. 3) 
of the tachyons. (Our assumption will be justified a posteriori, in that we will 
indeed find non-trivial cohomology at the correct (negative relative) ghost num- 
bers. A further consistency check is as follows. For the particular weight basis: 
Ai = (■^, ■^), A2 = (0, ^), it can be inferred from [jl^ that (pL^i can be viewed as 



the "usual" Liouville field as part of VF-gravity. Our choice of tachyon representative 
indeed satisfies Seiberg's condition for the first components of Liouville momenta: 
{ctri, -sji < "71'^*^ labels in the standard range.) 

As in usual theories of gravity coupled to matter, we expect that the Liouville 
dressing of an extra state corresponds to the dressing of a null state over a matter 
primary. Thus, the extra state should be given by a polynomial, X, in the ghosts 
and in d(f)L,M-, of appropriate conformal dimension ^{Z) and ghost number g, times a 
vertex operator piece V: 

The Liouville dressing can be obtained by Weyl transformations (A. 2) wl G Wl 
acting on the Liouville part of the tachyons (A. 3): 

"^'rl,r-2;sl,s2 = ^ri ,r2\w{Z)*{- s-^) ,w{Z)*{- S2)^rl,r2;sl,s2 ■ (^-6) 
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From the first table we have 



/i(V(^)) = 4-£(Z) , (A.7) 

(z) 

so that all operators C?ri,r2;si,s2 have vanishing dimensions. More explicitly, the pre- 
cise Liouville dressings are: 



sector 


Liouville dressing 


ghost number of 


Z 


ri,r2;w{Z)*{-si),w(Z)*{-S2) 




A 


ri,r2;-si,-S2 





B 


ri,r2;si,-si-S2 


-1 


C 


ri,r2;-si-S2,S2 


-1 


D 


ri,r2;-S2,si+S2 


-2 


E 


ri,r2;si+S2,-si 


-2 


F 


ri,r2;s2,si 


-3 



All that remains is to make an ansatz for X^^^^ with the correct quantum numbers 

( z) 

and to solve for [Qs/jsr, C^)-! r2 si 52) = 0, where the BRST current is given by 
(2.26)*. This yields a highly overdetemined set of equations, and the fact that we 
do find solutions shows that our assumptions about the structure of the extra states 
were correct. (One cannot exclude at this point the possibility that some solutions 
give BRST-ey.a.ci operators. We have checked, however, that our solutions indeed are 
non-trivial with respect to (2.26).) 

The simplest non-tachyonic operators that we find are those whose dimension 
of the vertex operator part does not depend on some combination of the rj,Sj. For 
example, the dimension of V^^^ is independent of S2 = s, and we find explicitly: 



^Sk. = [^1^2 + (3t - 2. - l){dc,)c2] (A.8) 



■k Our representatives are such that Qbrst maps into vanishing null states. This faciliates the 
computation. 
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Similarly, 



C,C2 - U/iiSt -2S- I){dc2)c2 V^i^i;-!-.,!^";.,! 



(A.9) 



Slightly more non-trivial is: 

q{.C) _ 



i 1 

^Ci{dc2) 7=CiC2[90M,2 + id(f)L,2] 

2t yS 

+ ^(aC2)c2[(5 + 2S- 3t) d(t)L,2 -l{2s-Zt- 1) d(i>M,2] 



(A.IO) 



Moreover, for sectors D and E we find that the simplest BRST invariant operators 
involve "screening" operators: 



ci - hi{dc2)c2 + 



1,2 — 



'lit + l){dc2) + ^C2[dcf>L,2 + V^dcf>L,l] 



Sl («2) 



ci + bi{dc2)c2 - f y^f (t - l){dc2) + V2c2dcl>M,2 

(A.11) 

where S'^{ai) are the matter screening operators (2.4) and S^{ai) are their Liouville 
counterparts. Similarly, Ci^^i i ~ S^^ai), etc. Note that the foregoing are truly 
BRST invariant operators. Prom the descent equations (2.35) we infer that the 
screening operators themselves are BRST invariant up to total derivatives, so that 
/ '^L Mi'^i) BRST invariant. Note also, as explained in more detail in section 4.3, 
that one of these operators (namely ^ S^icti)) is not a true screening operator, but 
represents a physical perturbation of the action. 

More interesting, but also more complicated, are the ground ring operators. The 
dimension of X^^'' grows rapidly with and s^, and therefore its complexity dramat- 
ically increases at the same time. As a result we are only able to give the generators 
of the ground ring. We have collected the explicit expressions in Appendix B. Note 
that these operators exist for generic values of t, and in particular for t = 1, which 
describes = 2 matter coupled to Ws gravity. We expect that there should be a 
way of writing these ground ring generators, as well as general ground ring elements, 
more compactly in terms of Schur-like polynomials, but we have not succeeded in 
doing this. 
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Note also that these operators are defined only up to BEST trivial pieces of 
the form {Qbrst, biV^V^}. Using this freedom, one can remove the pieces propor- 
tional to d'^C2 in the expressions for the ground ring generators, so that all generators 
are killed by the zero modes of the b ghosts. However, we preferred to choose dif- 
ferent representatives, namely operators that are primary with respect to the N = 2 
superconformal algebra (the expressions for 71,72 are primary only for t = 1). 



- 40 - 



Appendix B. Ground ring generators for W3 gravity 



— *^1,1;2,1 ~ 

|50L,2^ - -^d(f)L,2d(t)M,l - ld(j)L,2d(j)M,2 - -^d(j)M,ld(j)M,2 + |50M,2^ 
- ihhCiC2 - ^^bMdc2)c2 - yia0i,2&lCl + ^^^^{dbi){dc2) 
+ {^J^9<f>,,2 - ^,d^M,. - ^d<t>M,2) hide) + i^hid%) + i^^b2C, 
+ {^,d<PM,l - ^Jidct>L,2 + ^^d(t^M,2)h2C2 + ^^h2{dc2) + ^^{dh,)h,C,C2 

+ ^^^^^{dhi)hr{dc2)c2 + ^(56i)ci + I V^(a%i)c2 - ^/f{^^c|>L,2) 

+ h,C2 (^50m/ + ^2{d%L,2) - V2) - i^,d^L,2' 

~ ^t^(t'L,2dcl)M,l - ^d(t)L,2d(t)M,2 " (j) M ,ld (j) M ,2) + {d^4> M ,2) 

yL yM 
X »^1,1;1,2»^1,1;2,1 

(B.l) 



^2 ^ = 

\d(j)L,2^ + -^d(j)L,\d(l)M,2 + ^d(f)L,2d(f)M,2 + |5</'M,2^ " -^d(f)L,ld(f)L,2 

- i^^d(f)M,2biCi + ^6i62CiC2 - ^^^6162(^02)02 - (1 + ^^(9^0^,2) 

+ + 375^<^-.^ - ^^<^M,2) 6l(aC2) + ^fJ|6l(a^C2) + Z^62Ci 

+ (^S'/'L,! + ^50^,2 - il/i90M,2)62C2 + '-^hidc^) + (^61)01 

+ (^^V^^-Z-L,! +^^%^^</'L,2 - ^^^^d(j>M,2)idh)c2+i^^{dh)hc,C2 

- ^'"'m'"'^ (g6i)6i(9c2)c2 + i^^^{dbi){dc2) + {db2)c2 + q^{d\)c2 

+ ^1^2(^90^,1^0^,2 - i^50L,2^ - ^a0^,ia0M,2 - ^a0^,2a0M,2 

+ ^50M,2^ + '-^id%L,2) - ^(9V2)) + 2^^(aV2)] ^6;2,l^lll,2 

(B.2) 
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11 — '^l,2;l,l — 

'Wd<l>L/ - ^d<l>L/ + ^d4>M,i^ + ^d4>L,2d4>M,2 - ^d<l>M/ 

- ^bib2C^C2 - ^hMdc2)c2 - [it + l)^d<PL,2 + i{t - l)^d<l>M,2)bic^ 

-i^(d4>L,2+id4>M,2)bl{dc2) + f y|6l(92c2) +i^62Cl - ^^{dbi)ci 

- t'\li{d^L,2+id(l)M,2)b2C2 - ^~^b2{dc2) +i^{dbi)biCiC2 + {db2)c2 

- '-^^{db,)b,{dc2)c, -ii^^^^d<l>,,2 + i^^50M,2) {db^)c2 

- + ^,io%,)c2+^^io%,,H^^io^^.,) 

(B.3) 



^ r>(^) _ 
72 — *-^2,l;l,l ~ 

^d4>L/ - ^-^d4>L/ - ^d(j)L,id(j)L,2 - ild4>L,id4>M,i + ■^d^M,id^M,2 

- i^d(f)L,2d(l)M,l + ^9(/)M,l^ - i^d(f)L,ld(l)M,2 - iid(f)L,2d(j)M,2 

- ^dc/>M/ + ¥^1^2ClC2 - ^^b^b2{^C2)c2 + 

+ + ^^a^^,2 + ^i±f^a0M,i + ^-^^^c|>M,2)b^c^ 

(5t2 + 10t-3) o , I (5t!±10t-3) o , i(5i^-K)t-3) o , i(5t^-10t-3) 



+ {t^d(f)L,l + 'Yyfitd(f>L,2 + it^d(f)M,l + ^T^/i^</'M,2)fe2C2 + ^62(5C2) 

+ i^(a6l)6iCiC2 + '^''l-^^\ dbi)b,{dc2)c2 + ^{dbi)c, + ^^62C1 

- (^^^50L,1 -Z^^a0^,2 - ^^a0M,l - ^^^dct>M,2){db,)c2- 
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— z 



(B.4) 
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